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We study generalized Lie superalgebras an extension of Kac's generalized Lie
.superalgebras and show that they are transformed forms of L-graded Lie superal-
gebras for some abelian group L. We then introduce a generalized Lie superalge-
 .bra version of the generalized Kac]Moody algebra Borcherds algebra . Since it is
a transformed Borcherds superalgebra, it has several properties similar to those of
Borcherds superalgebra. For example, it is defined by similar relations and has a
similar denominator formula and character formulas. Q 1996 Academic Press, Inc.
1. INTRODUCTION
A notion of Borcherds algebras generalized Kac]Moody algebras, GKM
. w xfor short was introduced by Borcherds B1 and he has proved Conway
w xand Norton's moonshine conjecture using this new algebra B5 . In gen-
eral, Borcherds algebras have almost all the properties that ordinary
Kac]Moody algebras have, and the only major difference is that Borcherds
algebras are allowed to have imaginary simple roots.
However, their properties are much the same as those of Kac]Moody
algebras and so they have a similar denominator formula and a character
formula. The most famous example of Borcherds algebra is the monster
 .Lie algebra, which is given by the following: Let V, Y, w, 1 be a vertex
w x  .algebra, then VrL V becomes a Lie algebra by a, b s a b mod L V ,y1 0 y1
 . >where L s w 0 . For example, if V s V m V is the tensor producty1 II1, 1
of the moonshine module vertex operator algebra V > and the vertex
algebra V of the even unimodular Lorentzian lattice II of dimensionII 1, 11, 1
2, then the monster Lie algebra is given as a subalgebra of VrL V.y1
631
0021-8693r96 $18.00
Copyright Q 1996 by Academic Press, Inc.
All rights of reproduction in any form reserved.
MASAHIKO MIYAMOTO632
w xRecently, Mossberg extended the concept of vertex algebras Mo .
Roughly speaking, the original vertex algebra is defined by the commuta-
tivity:
Y ¨ , z Y u , z ; Y u , z Y ¨ , z . .  .  .  .1 2 2 1
Mossberg's idea is to introduce a P-gradation of V s  V a by somea g P
finitely generated abelian group P and a Cr2Z-valued inner product
 :? , ? on P and a map u : P = P ª C* satisfying
u a , b u b , a s 1 1.1 .  .  .
and
u a q b , g s u a , g u b , g . 1.2 .  .  .  .
 .Because of 1.2 , u is a 2-cocycle of L. He then used the anti-commutativ-
ity
 :  :a , b a , bz y z Y ¨ , z Y u , z ; z y z u a , b Y u , z Y ¨ , z .  .  .  .  .  .  .1 2 1 2 2 1 2 1
a b  w x .for ¨ g V , u g V see Mo for detail . Stimulated by these results, it is
natural to study the algebra VrL V of Mossberg's vertex operatory1
 w x .algebra V, but VrL V, ¨ , u s ¨ u is not a Lie algebra any more,y1 0
where ¨ denotes the image of ¨ in VrL V. However, if we take they1
 :trivial inner product ? , ? s 0 on P and pay attention to the map u , we
can find some nice algebraic structure on VrL V. This is a nonassocia-y1
.tive algebra that we shall study in this paper. We should note that our
argument includes vertex operator superalgebras since it is possible to
 :replace any Z -valued inner product ? , ? on P by some 2-cocycle2
 .  .satisfying 1.1 and 1.2 .
It is easy to see that VrL V has also a P-graded structurey1
 V arL V a. By the similar argument as in the case of vertexa g P y1
operator algebra, we have
aqb aqbw xa, b s u a , b b , a g V rL V 1.3 .  .y1
w x w xa, b , c s a, b , c q u a , b b , a, c 1.4 .  .
a bfor a g V , b g V , c g V, and ¨ denotes the image of ¨ in VrL V.y1
w xKac introduced such an algebra at the end of his paper K1 and called
it a generalized Lie superalgebra where P s Z n and a map u is given2
 .  ..  .ai b iby u a , . . . , a , b , . . . , b s y1 . In the right side, we consider1 n 1 n
 .a , b g Z mod 2Z . He also proposed the classification of such a simplei i
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w xalgebra with finite dimension K1 . We still use the same name for any
abelian group P with a 2-cocycle u .
For example, if R s  Ra is a P-graded associative algebra, then Ra g P
becomes a generalized Lie superalgebra by the product:
w x a b¨ , u s ¨u y u a , b u¨ for ¨ g R , u g R . .
Conversely, for a generalized Lie superalgebra R, we will define the
 . universal enveloping algebra U R of R by the above relation as usual see
 ..3.2 .
An example of Mossberg's vertex operator algebra is a tensor product of
vertex superalgebras and it is used to construct an original vertex operator
w xalgebra in Mi . We will show that we can construct a Lie superalgebra
w xfrom generalized Lie superalgebra by the same way as that used in Mi .
Namely, using a group extension C*e P of P by C* and its 2-cocycle f
a b  . aqbgiven by e e s f a, b e , we can transform any u-generalized Lie
superalgebra R s [ Ra into a u 9-generalized Lie superalgebraag P
a a  .  .  .  .y1[ R m e , where u 9 a , b is given by u a , b f a , b f b , a . Forag P
example, any generalized Lie superalgebras in a sense of Kac's are able to
be transformed into Lie superalgebras. So we can simply answer the
question about the classification of Kac's generalized Lie superalgebras in
w xK1 .
THEOREM 1.1. Let P be a finitely generated abelian group. Then e¨ery
generalized Lie superalgebra is a transformed form of Lie superalgebra
R s @ R¨ with a P-gradation such that @ R¨ is the e¨en¨ g P ¨ g P , u ¨ , ¨ .s1
part of R and @ R¨ is the odd part of R.¨ g P , u ¨ , ¨ .s1
o  <  . 4 e o Proof. Set P s ¨ g P u ¨ , ¨ s y1 and L s L y L s ¨ g
<  . 4  . oP u ¨ , ¨ s 1 . Define c ¨ , w s y1 for ¨ , w g L and 1 otherwise. Then
 .  .c satisfies 1.1 and 1.2 . It is clear that a c-generalized Lie superalgebra
is just a Lie superalgebra. Decompose P as a direct product of cyclic
 .groups P s @ C and let ¨ be a generator of C . Put an order ) ini i iig I
 .  .  .I. Define f ¨ , ¨ s u ¨ , ¨ c ¨ , ¨ for i ) j and 1 otherwise and theni j i j i j
extend it to P = P ª C* homomorphically. It is easy to see that f is a
y1 .  .  .  .2-cocycle such that u ¨ , w s c ¨ , w f ¨ , w f w, ¨ .
Among Lie algebras, the Borcherds algebra the generalized Kac]Moody
.algebra plays an important role in many fields. Especially, its character
w xformulas offer many examples of modular forms B6 . We will introduce a
generalized Lie superalgebra's version of Borcherds algebra and call it a
``generalized Borcherds superalgebra.'' The main aim of this paper is to
 .show that this new algebra still has properties and character formulas 9.6
similar to those of Borcherds algebra.
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Another remarkable point is that this new algebra is also defined by a
 .few easy relations and the same relations see Theorem 7.1
1y2 a rai j i iad e e s 1 .i j
as in the definitions of Kac]Moody algebras and Borcherds algebras.
2. NOTATION
 .A A symmetric real matrix a .i j
a , b Elements in P.
a A positive simple root.i
 .B A C*-matrix b with b b s 1.i j i j ji
 .  4b s u a , a g C y 0 .i j i j
 4C* s C y 0 .
D The set of all positive roots.q
o  .D The set of positive roots a with u a , a s y1.q
e  .D The set of positive roots a with u a , a s 1.q
 .e , f , h The generators of F A, B .i i i
 .F A, B The free generalized Lie superalgebra generated by
 .e , f , h i g I .i i i
 .  .G s G A, B s F A, B rr.
Ä .  .G A, B s F A, B rr.Ä
 :H s h : i g I .i
 .H* s Hom H, C .
I The set of indices i of positive simple roots a .i
I re The set of indices of real positive simple roots.
I im The set of indices of imaginary positive simple roots.
 .  .  .m A map m : F A, B ª P with m e s ym f s a andi i i
 .m h s 0.i
V The generalized Casimir operator.
 .P A lattice @ Za with a , a s a and a map u :ig I i i j i j
P = P ª C*.
 .P* s Hom P, C .
 .P See 9.1 .q
 .r The ideal generated by relations 4.7 .Ä
 .  .r s Ker ?N ? l  F A, B .i/ 0 i
r A reflection by a real simple root a .i i
1 .r A Weyl vector with r, a s a .i i i2
i  4  .  4u , u u is a basis of HrRad H and u is the dual basis ofi i i
 4u .i
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 .n A map n : Zh ª P with n h s a .i i i
 .u u a , a s b .i j i j
 re:W The Weyl group r : i g I .i
 .?, ? An inner product on H and P.
 .  .   ..?N ? An invariant bilinear form of F A, B and G A, B .
3. GENERALIZED LIE SUPERALGEBRAS
Throughout this paper, P denotes a lattice with a map u : P = P ª C*
 .  .  .satisfying 1.1 and 1.2 . In particular, u a , a s "1. We call a g P e¨en
 .if u a , a s 1 and odd otherwise.
In this section, we introduce notion of generalized Lie superalgebra cf.
w x.K1 and show several properties of this algebra. We shall omit all proofs
in this section, since all results come from the straightforward calculations.
DEFINITION 1. Let R s [ Ra be a P-graded vector space. If R hasa g P
w xa bilinear product ?, ? satisfying:
 . w a b x aqb1 R , R : R ,
 . w x  .w x2 ¨ , u s yu a , b u, ¨ , and
 . w w xx ww x x  .w w xx3 ¨ , u, w s ¨ , u , w q u a , b u, ¨ , w
for ¨ g Ra, u g R b, w g R, then R is called a generalized Lie super-
algebra.
LEMMA 3.1. If R is a generalized Lie superalgebra, then
w x w x w xw , u , ¨ s w , u , ¨ q u b , a w , ¨ , u 3.1 .  .
for ¨ g Ra, u g R b, w g R.
LEMMA 3.2. If R is a P-graded associati¨ e algebra, then R becomes a
generalized Lie superalgebra by
w x a b¨ , u s ¨u y u a , b u¨ for ¨ g R , u g R . .
Conversely, we shall define the universal enveloping algebra of a gener-
alized Lie superalgebra by the above relation. Namely, for a generalized
a  .Lie superalgebra G s @ G , let T G be the tensor generalizedag P
superalgebra over the space G with the induced P-grading and let n be the
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 .ideal of T G generated by the elements of the form:
w x¨ , u y ¨u q u a , b u¨ .
for ¨ g Ga, u g G b. We set
U G s T G rn 3.2 .  .  .
and call it the universal enveloping algebra of G. We should note that the
definition of the tensor product is different from the usual one. Let
V s @ V a and W s @ W b be generalized superalgebras. Theirag P bg P
tensor product V m W is the generalized superalgebra whose space is the
tensor product of the spaces of V and W, with the induced P-grading and
the operation defined by
¨ m w ¨ m w s u b , b u g , g ¨ ¨ m w w , .  .  .  .  .1 1 2 2 1 1 2 2 1 2 1 2
g i b i w xfor ¨ g V and w g W ; see K1 .i i
DEFINITION 2. Let R s  Ra be a P-graded algebra. For t g P, aa g P
t-deri¨ ation of R is an endomorphism f : R ª R such thatt
f u¨ s f u ¨ q u t , a uf ¨ 3.3 .  .  .  .  .t t t
for u g Ra, ¨ g R. A P-derivation is a linear combination  f ofi t i
t -derivations f with t g P.i t ii
LEMMA 3.3. The set of all P-deri¨ ations becomes a generalized Lie super-
algebra by
w xf , g s f g y u a , t g f . 3.4 .  .a t a t t a
For example, the ordinary derivations are 0-derivations. Let R be a
semisimple Lie algebra, H be a Cartan subalgebra, and P be the root
 .  .lattice. For any 2-cocycle u of P satisfying 1.1 and 1.2 , R is a P-graded
algebra and the set of all P-derivations becomes a generalized Lie superal-
gebra which contains R as a subalgebra.
4. GENERALIZED BORCHERDS SUPERALGEBRAS
In this section we will define a concept of generalized Borcherds
w xsuperalgebra. We adopt the most notation from K2 .
 .Let I be a countable set and assume that a is a real symmetrici j i, jg I
 .square matrix and b is a complex matrix satisfying the followingi j i, jg I
GENERALIZATION OF BORCHERDS ALGEBRA 637
properties:
1. If i / j then a F 0.i j
2. If a ) 0 then 2 a ra are integers for all j.i i i j i i
3. If a ) 0 and b s y1, then 2 a ra are even for all j.i i i i i j i i
4. b b s 1 for all i, j g I.i j ji
DEFINITION 3. i is called a real index if a ) 0 and an imaginary indexi i
otherwise. I re and I im denote the set of all real indexes and the set of all
imaginary indexes, respectively. i is also called even if b s 1 and oddi i
otherwise.
 .  .Let h , e , f i g I be formal elements Chevalley generators . Leti i i
 .P s  Za be a lattice with the inner product a , a s a and defineig I i i j i j
a map u : P = P ª C* by
u a , a s b .i j i j
u a q b , g s u a , g u b , g .  .  .
u a , b q g s u a , g u a , b . .  .  .
 .  .It is easy to see that u satisfies 1.1 and 1.2 since b b s 1.i j ji
 4We will call elements of P roots. In particular, a : i g I are called thei
 4positive simple roots and ya : i g I are called the negative simple roots.i
 4  .  .Define a map m: h , e , f : i g I ª P so that m e s ym f s ai i i i i i
 .  .and m h s 0. Let F B be the free generalized Lie superalgebra oni
 . w xh , e , f i g I with a bilinear product , satisfyingi i i
w x w xx , y s yu a , b y , x 4.1 .  .
and
w x w x w xx , y , z s x , y , z q u a , b y , x , z , 4.2 .  .
 .a  . b  .  .for x g F B , y g F B , and z g F B , where the P-gradation F B s
 .a@ F B is given bya g P
a ya0 i ih g F B , e g F B , f g F B , .  .  .i i i
and
a b aqbF B , F B : F B . .  .  .
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 .Moreover, let m be the ideal of F B generated by
e , f s d h ,i j i , j i
h , h s 0,i j
h , e s a e ,i j i j j 4.3 .
and
h , f s ya f for i , j g I.i j i j j
Consider the quotient generalized Lie superalgebra
F A , B s F B rm. 4.4 .  .  .
 .  .Setting deg e s ydeg f s 1, we also introduce a Z-gradation ofi i
 .F A, B . Clearly, we have:
F A , B s Ch , . @0 i
igI
F A , B s Ce , . @1 i
igI 4.5 .
and
F A , B s C f . . @y1 i
Set
H s F A , B s Ch . 4.6 .  .@0 i
igI
 .  .H is an abelian Lie algebra Cartan subalgebra and acts on all F A, B i
 .  .diagonally. We introduce an inner product ?, ? in H by h , h s a fori j i j
all i, j g I. We note that we can identify C P and H by a l h .i i
Let n and n be the subalgebras generated by all e and f , respec-q y i i
`  . `  .tively, that is, n s @ F A, B and n s @ F A, B . Clearly, weq is1 i y is1 yi
 .have F A, B s n [ H [ n .y q
 .DEFINITION 4. Let r be the ideal of F A, B generated by relations:Ä
w x w xe , e , e , f , f , f for all ii i i i i i
1y2 a rai j i iad e e for a ) 0, .i j i i 4.7 .
and
w xe , e , f , f s 0 for a s 0i j i j i j
 . w xwhere ad e ¨ denotes e, ¨ .
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 .Later, we will extend the inner product h , h s a of H to ani j i j
 .  .invariant bilinear form ?N ? on F A, B satisfying the properties:
 .  .  .1 ?N ? s ?, ?< H
 .  .  .  .2 ?N ? is nondegenerate on F A, B [ F A, B , and1 y1
 .   . <  . .3 F A, B F A, B s 0 except a q b s 0 for a , b g P.a b
 .It will be easy to see that r is contained in the kernel of ?N ? , whichÄ
 .  .means that r has a trivial intersection with F A, B [ H [ F A, BÄ 1 y1
 .because of 2 .
Set
ÄG A , B s F A , B rr. 4.8 .  .  .Ä
 .Using P s  Za , we have a P-gradation of both F A, B andig I i
Ä .  .  . w x.  .  .G A,B by m e s a , m f s ya and m x, y s m x q m y g P.i i i i
In our proofs, we will often omit the detail, since most arguments are
w xsimilar to those in K2 . The main difference between our algebras and
Borcherds algebras is that our following invariant bilinear form is not
symmetric.
 .  .THEOREM 4.1. There exists a bilinear C-¨alued form ?N ? on F A, B
such that:
 .  . w x < .  <w x.a ?N ? is in¨ariant, i.e., x, y z s x y, z ,
 .for x, y, z g F A, B ,
 .  < .  .b h h s h , h s a , for i, j g I,i j i j i j
 .   . <  . .c F A, B F A, B s 0, if a q b / 0 for a , b g P,a b
 .  < .  . < .  .a  . bd x y s u a , b y x , for xgG A, B , ygF A, B ,
 .  < .e e f s d , for i, j g I, andi j i j
 .  <  ..f r F A, B s 0.Ä
 .Proof. The existence of ?N ? follows from an argument similar to
w x  .  .  .  .Theorem 2.2 in K2 by using the assertions a , b , d , and e . The
 .  .1y2 ai j r aii reassertion f comes from that all ad e e for i g I are lowesti j
 .weight vectors for the precise proof see the next section.
Ä .We shall later prove a kind of simplicity of G A, B , that is, we shall
 .  .  .prove Rad ?, ? [ r s Rad ?N ? , but not now, where ?, ? is the innerÄ
 .  .product on H and Rad ?N ? denotes the radical of ?N ? . So, for a while,
we use the following notation.
 .DEFINITION 5. Let r be the maximal ideal of F A, B containing r suchÄ
 .  .that it has a zero intersection with F A, B [ H [ F A, B . Set1 y1
G A , B s F A , B rr. 4.9 .  .  .
 .We shall call G A, B the ``generalized Borcherds superalgebra.''
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  . .  .It is clear that r s [ F A, B l Ker ?N ? . We will later show thatn/ 0 n
 .this algebra is given by some relations see Theorem 7.1. and has proper-
ties similar to those of Borcherds algebras.
 .We should note that G A, B has also a P-gradation. For, it follows
 .  .from c in Theorem 4.1 that the radical of ?N ? is also an orthogonal sum
of
Rad F A , B [ F A , B s r l F A , B [ r l F A , B . .  .  .  . .  .  .a ya a ya
4.10 .
 4  .  .Since r l H s 0 , we have r s n l r [ n l r and soq y
G A , B s n r n l r [ H [ n r n l r . 4.11 .  .  .  .y y q q
 .In particular, the universal enveloping algebra of G A, B is
U G A , B s Uy G A , B m H m Uq G A , B , 4.12 .  .  .  . .  .  .
y  ..   .. q  .. where U G A, B s U n r n l r and U G A, B s U n ry y q
 ..n l r .q
5. EXAMPLES
In this section, we shall study a few minimal examples. Fix a real simple
re  .root i g I and set f s f , h s h , e s e , and r s a . If u i, i s b s 1,i i i i i i i
 .then C f [ Ch [ Ce is isomorphic to sl C and we know its representa-2
 .tions. So assume that u i, i s b s y1. Let F be the free generalized Liei i
superalgebra generated by e, f , h. Namely, we think of F as the general-
 .  .  .ized Lie superalgebra F A, B with 1 = 1-matrices A s r and B s y1 .
The products of e, f , and h are given by:
w x w x w x w xe, f s f , e s h , h , e s rh , and h , f s yrh. 5.1 .
Let V be an F-module on which e and f act as locally nilpotent. Choose
0 / ¨ g V such that f¨ s 0 and h¨ s s¨ for some s g C. Set ¨ s e¨ and1
 .¨ s e ¨ for n ) 1 inductively. Since the action of e on V is locallyn ny1
nilpotent, there is an m g N such that ¨ s 0. Take m as the minimumm
subject to the condition.
 .If we set h¨ s S n ¨ , then sincen n
w xS n ¨ s h¨ s he¨ s h , e ¨ q eh¨ s r¨ q S n y 1 ¨ , .  .n n ny1 ny1 ny1 n n
5.2 .
 .  .we have S n s r q S n y 1 s nr q s.
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 .Setting f¨ s T n ¨ , we haven ny1
T n s n y 1 r q s y T n y 1 .  .  .
s n y 1 r q s y n y 2 r y s q T n y 2 .  .  .
s T n y 2 q r 5.3 .  .
since
w xT n ¨ s f¨ s fe¨ s f , e ¨ y ef¨ . ny1 n ny1 ny1 ny1
s h¨ y eT n y 1 ¨ .ny1 ny2
s n y 1 r q s y T n y 1 ¨ . 5.4 4 .  .  . . ny1
w x  .For n s 1, 2, we have f¨ s fe¨ s f , e ¨ y ef¨ s h¨ s s¨ s T 1 ¨ and1
w x  .f¨ s fe¨ s f , e ¨ y ef¨ s h¨ y es¨ s r q s y s ¨ s r¨ . Hence2 1 1 1 1 1 1
 .  .  .  .T 1 s s, T 2 s r, and so we have T 1 q 2n s nr q s and T 2n s nr.
By applying them to ¨ s 0, we have:m
If m s 2n , then 0 s f¨ s T 2n ¨ s nr¨ and so r s 0. .2 n 2 ny1 2 ny1 If m s 2n q 1, then 0 s f¨ s nr q s ¨ and so nr q s s 0. .2 nq1 2 n
5.5 .
In particular, we have that m s 1 y 2 srr is a positive odd integer and
 .so srr is a nonpositive integer except for the case r s h, h s 0 and
 4the eigenvalues of h are s, r q s, . . . , yr y s, ys . 5.6 .
On the other hand, if srr s yn is a non-positive integer, then we have
f¨ s 0 without the assumption that e acts as locally nilpotent.2 nq1
w x w w xx ww xWe note that e, e is also an element, but we have e, e, ¨ s e, e ,
x w w xx ww x x w w xx¨ y e, e, ¨ and so e, e , ¨ s 2 e, e, ¨ for ¨ g V.
LEMMA 5.1. Recall the definition of r from Definition 5, then we ha¨e:
w xe , e , e g r for all i g I.i i i
If
w xa s 0, then e , e g r.i i i i
 . w xProof. If e is even b s 1 , then e , e s 0. So assume that e is oddi i i i i i
 .b s y1 . Then we have:i i
w x w x w xf , e , e s h , e y e , h s 2 a ei i i i i i i i i i
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and
w x w x w xf , e , e , e s 2 a e , e y e , 2 a e s 0.i i i i i i i i i i i i
w w xx  w x .Hence e , e , e or e , e if a s 0 are all highest weight vectors andi i i i i i i
 <w w xx.   <w x. .so V e , e , e s 0 or V e , e s 0 if a s 0 .y3 h i i i y2 h i i i ii i
w x w x <w x.If r s a / 0 then e, e is not contained in r, since e, e f , f si i
ww x x < .  < .e, e , f f s yre f s yr / 0.
In particular, since
w x w x w x w xe, e , f , f s e, e , f , f q f , e, e , f
w x w xs y2 re, f q f , y2 re s y4rh ,
w w xx w xand h, e, e s 2 r e, e , we have the following lemma.
  .  ..LEMMA 5.2. If r s a / 0 and u m e , m e s y1, thenii
1 1 1
w x w xy f , f , h , e, e ( sl C . .2 ;2 r r 2 r
 .  .  .PROPOSITION 5.3. If A s r / 0 and B s y1 , then
w x w xG A , B s C f , f [ C f [ Ch [ Ce [ C e, e .
 .  .is a simple generalized Lie superalgebra super Lie algebra . If A s 0 and
 .B s y1 , then
G A , B s C f [ Ch [ Ce .
w  .  .xis a Lie superalgebra with the center Ch and G A, B , G A, B s Ch.
As an application of the above arguments, we have a reflection r on Pi
re  .for every real root i g I . From the construction, H acts on G A, B and
Ä Ä .  .  .G A, B diagonally and so G A, B and G A, B have H*-gradations and
 .  . P-gradations, where H* s Hom H, C . If G A, B / 0 for a g H* ora
.  .a g P , then a is called a root of G A, B . There is a natural homomor-
 .  y1 . .phism from P to H* given by a h s n a , h . We will abuse these
notations.
 .  .We note that by the definition, all ad e and ad f are locally nilpotenti i
if i g I re. Hence,
LEMMA 5.4. Let a be a real simple root and a be a root, theni
2 a , a .i
r a s a y a g H* or g P .  .i iai i
is also a root.
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6. GENERALIZED CASIMIR OPERATOR
1 .  .Let r g P* s Hom P, C be a Weyl vector, i.e., r a s a . We shalli i i2
 < .  .  .abuse the notation c a to denote c a for c g Hom P, C . We willi i
 .define a generalized Casimir operator V of G A, B as follows:
First set a local Casimir operator
V s 2 ei e i . 0 ya a
agD iq
 i 4  .  i 4Here e is a basis of G A, B for a positive root a and e is the duala a ya
 .  i < j .basis of G A, B , that is, e e s d d . In particular, for a simpleya a yb a , b i, j
root i s a , we take e s e and e s f .a i ya i
We have that for x s  x ei and y s  y ei ,i a i ya
< i i < <x e e y s x y s x y . 6.1 . . .  . ya a i i
i
 .  < i .We note that 6.1 is well-defined, since for any x, x e s 0 for all but ay1
finite number of i g I.
 w x.LEMMA 6.1 Lemma 2.4 in K2 . For z g G ,bya
i i i ie m e , z s z , e m e . 6.2 . ya a yb b
Proof. For e g U , f g U , we have the same inner products:a yb
s s s s<e m e , z e m f s e e e , z N f .  . . ya a ya a
s
< s s w x w xs e e e N z , f s e N z , f . . .  . ya a
s s s sz , e m e e m f s e N z , e e N f . . . yb b yb b
s
w x w xs e, z N f s e N z , f . .  .
COROLLARY 6.2. In the notation of Lemma 6.1, we ha¨e
i i i ie e , z s z , e e . 6.2 . ya a yb b
 .  .Proof. Apply to the above lemma the linear map of G A, B m G A, B
  ..to U G A, B given by x m y ª xy.
 .A G A, B -module V is called restricted if for every ¨ g V, we have
 .G A, B ¨ s 0 for all but a finite number of positive roots a .a
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 .   ..THEOREM 6.3. If V is a restricted G A, B -module and u g U G A, B ,a
then:
< < y1w xV , u s yu 2 r a q a a q 2n a . 6.3 .  .  . .0
w xProof. By the same argument as in the proof of Theorem 2.6 of K2 , it
is sufficient to check the cases u s e and u s e .t yt
w x s s s sV , e s 2 e e e y e e e0 t ya a t t ya a
a s
s 2 y yu a , ya e s e q e e s e s 4 .  t ya t t ya a
qe s e s e y u a , ya e s e . . .ya a t t a t
s s s ss 2 y e , e e q e e , e .  t ya a ya a t
s sw xs y2 e , e e y 2 e , e e t yt t t ya a
s 4agD y tq
s sy e e , e ylqt ayt t /
w x w xs y2 e , e e s y2h e s y2 h , e y 2 e ht yt t t t t t t t
s y2 a e y 2 e h s ye 2 h , h q 2h . .t t t t t t t t t
s ye r , h q h , h q 2h . .  . .t t t t t
w x s s s sV , e s 2 e e e y e e e0 yt ya a yt yt ya a
a s
s s s ss 2 e e , e y e , e e .  ya a t yt ya a
s sw xs 2 e e , e q 2 e , e , e yt t yt ya ya t
s 4agD y tq
sy e , e e yt ayt ayt /
s 2 e h s ye r , yh q yh , yh q 2 yh .  .  . .yt t yt t t t t
 4  .  i4  4Let u be a basis of HrRad H and u be the dual basis of u .i i
LEMMA 6.4.
i y1<u u , x s x a a q 2n a for x g G A , B . 6.4 .  .  .  . . ai
i
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Proof.
i i iu u , x s u u x y xu u i i i
i i
s ui xu y xuiu q uiu x y ui xu i i i i
i
w i x i w xs u , x u q u u , x i i
i
s ui , a xu q ui u , a x .  . i i
i
i w i x is u , a xu q u , a u , x q u , a xu .  .  . i i i
i
s u , a ui , a x q x ui , a u q u , a ui .  .  .  . . i i i
y1<s x a a q 2n a .  . .
We define the generalized Casimir operator by
V s 2 r q uiu q V . 6.5 . i 0
 .We note that since we use r g P* s Hom P, C , V can acts on only
 .P-graded G A, B -modules. The next results follow from the definition of
V and the previous lemmas.
 .THEOREM 6.5. If V is a restricted P-graded G A, B -module, then V
  ..commutes with the action of U G A, B on V.
 .COROLLARY 6.6. Let V be a P-graded G A, B -module and ¨ be a lowest
 .  < .weight ¨ector in V, that is, e ¨ s 0 for i g I, and h ¨ s L h ¨ for somei
L g H*, then
<V ¨ s L q 2 r L ¨ . 6.6 .  . .
  ..If , furthermore, U G A, B ¨ s V, then
< < 2 < < 2V s L q r y r I . 6.7 . . V
7. RELATIONS
We have obtained all necessary results to get the following result similar
w xto Theorem 9.11 in K2 .
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THEOREM 7.1. Recall the definition of r from Definition 5. r is the ideal
 .of F A, B generated by
w x w xe , e , e , f , f , f for all ii i i i i i
1y2 a ra rei j i iad e e for i g I .i j 7.1 .
and
w xe , e , f , f for a s 0i j i j i j
Ä .  .Namely, we ha¨e G A, B s G A, B .
Proof. We use the same notation and arguments as in the proof of
w x  .Proposition 9.11 in K2 . We have a G A, B -homomorphism:
w x nl: r r r , r ª m M ya . 7.2 .  .q q q iis1
w x n  .We note that r r r , r and [ M ya have P-gradations and theseq q q is1 i
 .are invariant under l, since G A, B and r have P-gradations. In particu-
 .lar, the generalized Casimir operator V acts on both the G A, B -mod-
 .ules. Using the degree ht e s 1, r has a Z-gradationi q
`
r s r 7.3 .  .q q i
isk
 .  . .  .such that r / 0. Since the kernel of l is contained in r n U n ,q k q y y
 .  .we have l r / 0. Hence, there is a root a such that r / 0. Setk k a
a s k ya q k ya , 7.4 .  .  . i i j j
igJ jgJq y
 .  .where a i g J are positive, a j g J are negative simple roots, andi q j y
 .  .k i g J s J j J are all positive integers. Since ht r a G ht a for anyi q y i
 < .reflection r , we have a a F 0 for all positive simple roots i and soi i
 < .a a F 0. On the other hand, since l is commutative with V, we have
< <ya q 2 r y a s ya q 2 r y a s 0 7.5 . .  .i i
for some i and so
< <a a s 2 r a 7.6 .  . .
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1 < .  < .  .since r a s a a . Using 7.4 , we havei i i2
< < <0 s 2 r a y a a s k a , a y k a a 4 .  . .  . i i i i i
igJ
<s k a a y a . 7.5 . . i i i
igJ
 < . re  .We will show a a y a G 0 for all i g J. If i g I , then a , a y a )i i i i
0, while if i g I im , then
a , a y a s y k a , a q 1 y k a , l G 0. 7.7 .  .  .  .  .i i j i j i i i
j/i
 < .The equality holds only if a a s 0 for all j / i. So we have that therei j
are no real roots in J and all imaginary roots are mutually commutative.
This happens only when a is a simple imaginary root, which contradicts
 .r l G A, B s 0.1
8. SUPERSYMMETRY
A Borcherds algebra has an automorphism exchanging e and f andi i
acting on H as y1. However, this is not an automorphism of the
generalized Borcherds superalgebra any more. It satisfies the following
relation:
w xw x , y s y w y , w x . 8.1 .  .  . .
However, this is sufficient to have results similar to those of Kac]Moody
algebras.
We note
a b<w x w y s u a , b x , y for x g G A , B , y g G A , B . .  .  .  .  .  . .
8.2 .
Proof. We will prove this by induction. For simple roots,
w e w f s f N e s u i , j e N f . 8.3 .  .  . .  .  . /i j i j j i
 .a  . bAlso, for x g G A, B , y g G A, B with i q a q b s 0, we have:
w xw e , x w y . . .i
s y w x , w e w y s y w x w e , w y .  .  .  .  .  . .  .i i
w x w xs w x w y , e s u a , b q i x N y , e by induction, .  . .  . i i
w xs u a , b u a , i u b , i u a , i e , x N y .  .  .  .  .i
w xs u a , a u i , i e , x N y .  .  .i
w x w xs u a q i , a q i e , x N y s u a q i , b e , x N y . 8.4 .  .  . .  .i i
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9. CHARACTER FORMULAS
 .In this section, we calculate the character formulas of G A, B -modules
with highest weight L on which the actions of real simple roots e and fi i
are locally nilpotent. This condition is equivalent to L g P , whereq
¡ ¦l N h g Z for real simple roots i .i G 0~ ¥l N h g 2Z for real odd simple roots i .P s l g H* 9.1 .i G 0q ¢ §l N h G 0 for imaginary simple roots i .i
is the set of dominant roots.
We note that the results in this section are independent of deforma-
tions.
We first calculate the denominator formula of the Verma module
 . ww x x w w xxM L . Let b be a positive root. Since e, e , ¨ s 2 e, e, ¨ for e g G ifb
12 .  .  .   ..u b , b s y1, ad e is replaced by ad e in U G A, B . Hence, the2
difference between the parts afforded by b and 2b is
mult bmult b mult b1 q e yb s 1r 1 y e yb 1 y e y2b . .  .  . .  .  .
 .Hence we easily have the following denominator formula of M l .
THEOREM 9.1.
mult b
o 1 q e yb .b g Dqch M L s e L , 9.2 .  .  .mult a
e 1 y e ya . .a g Dq
e  . owhere D denotes the set of all positi¨ e roots a with u a , a s 1 and Dq q
 .denotes the set of all positi¨ e roots b with u b , b s y1.
Set
mult a
e 1 y e ya . .a g DqR s 9.3 .mult b
o 1 q e yb .b g Dq
 .and call it the denominator formula of G A, B .
 .We will also have a character formula for irreducible G A, B -module
 .L L with highest weight L g P , which is similar to one for an irre-q
ducible module of Borcherds algebra. In order to get a character formula,
we first prove the following lemma.
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LEMMA 9.2.
w e r R s e w e r R for w g W . 9.4 .  .  .  . .
 .Proof. Let a be a real simple positive root. If u h , h s b s 1,i i i i i
 4D y a is r -invariant and so we have:q i i
r e r R s e r y a r 1 y e ya r R9 .  .  . .  .i i i i i
s e r e ya 1 y e a R9 s ye r R , 9.5 .  .  .  .  . .i i
  .. w xwhere R9 s Rr 1 y e ya . If b s y1 and e , e is not zero, then Ri ii i i
  ..   ..  .has the factor 1 y e y2a r 1 q e ya s 1 y e ya and the remain-i i i
w xing arguments are the same as the above. If b s y1 and e , e s 0, theni i i i
 .a , a s 0 and there is no reflection.i i
DEFINITION 6. For L g P , letq
S s e L q r e b e yb , .  .  .L
b
where b runs over all elements of P of the form b s a q ??? qai i1 m
 .m s 0 if b s 0 such that
1. i , . . . , i are distinct elements of I im ,1 m
 .2. a , a s 0 if k / l, andi ik l
 .3. L, a s 0 for 1 F k F m.i k
 .  .mFor such a b , e b denotes y1 .
THEOREM 9.3. For L g P ,q
1
ch L L s e w w S . 9.6 .  .  .  . Le r R . wgW
w xProof. This is the same as the proof of Theorem 10.4 in K2 and let us
follow it. By the generalized Casimir operator and the denominator
formula, we have:
e r R ch L L s c e l q r 9.7 .  .  .  . l
lFL
2 2< < < <lqr s Lqr
w xby the same argument as that in Proposition 9.8 of K2 . Since
 .  .  .e r R ch L L is W-skew-invariant 9.4 , we have
c s e w c . 9.8 .  .l wlqr .yr
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 .  < 4Set B s B L s l c / 0 . For l g B , choose w g W such that0 0 l 0
 .  .ht L y s is minimal, where s s w l q r y r. The minimality of
 .  .  . reht L y s forces s q r, a G 0. If s q r, a s 0 for some i g I ,i i
 .  .then w s q r s s q r and so c s e w c s yc . This contra-i s i w sqr .yr si
  . re4dicts c / 0. Set C s m g P*: m, a ) 0 for all i g I . So the abovel i
argument shows s q r g C and such a w is uniquely determined by l.
 .Hence, if we set S s  c e l q r , thenL lqr g C l
e r R ch L L s e w w S . 9.9 .  .  .  .  . L
wgW
We next show that if l q r g C and c / 0, thenl
l s L y a q ??? qa 9.10 .  .i i1 m
such that a , . . . , a satisfy the three conditions of Definition 6 andi i1 m
 .m  .c s y1 . Set J s supp L y l and write L y l s  k a . By thel ig J i i
choice of l, k are all positive integers, andi
k L , a q k l q 2 r , a .  . i i i i
s L q l q 2 r , L y l s L q 2 r , L y l q 2 r , l s 0. .  .  .
9.11 .
 . reBy our hypothesis, L, a G 0 for all i g I. If i g I , theni
l q 2 r , a s l q r , a q r , a ) 0. 9.12 .  .  .  .i i i
If i g I im , then
l q 2 r , a s l, a q a , a .  .  .i i i i
s L , a y k y 1 a , a y k a , a G 0. 9.13 .  .  .  .  .i i i i j j i
j/i
im  .Hence, we conclude that J : I , a , a s 0 for all i, j g J with i / j,i j
 .and L, a s 0 for i g J. It remains to show that k s 1 for i g J. Let bi i
 4  .  .be an element of P j 0 such that the terms e yb and e b q l occur
 .in R and ch L L , respectively. Then b and L y b y l are both nonnega-
 .  .  .tive and supp L y l y b : supp L y l s J. Since L, a s 0 for alli
 .  .i g J as we have mentioned, there are no L L s L L forLy Lylyb . bql
 .L y l y b / 0 and so we have b s L y l. In particular, the term e yb
in R comes only from
1 y e ya 9.14 .  . . i
imigI
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 .  . < J <and so k s 1 for all i g J and the coefficient of e yb is y1 . Sincei
 .  .  . < J <the coefficient of e L in ch L L is 1, we obtain c s y1 .l
Conversely, if l is an element of P* satisfying three conditions of
 .  .Definition 6, then it is easy to see that e l occurs in R ch L L and
l q r g C.
This completes the proof of Theorem 9.3.
 .Now set L s 0 in the above Eq. 9.6 and we deduce the following
``denominator identity.''
mult a
e 1 y e ya . .a g Dqe r s e w e w S . 9.15 .  .  .  . . 0mult b
o 1 q e yb . . wgWb g Dq
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